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Abstract 
For the truss structure composed of active-elements with piezoelectric patches affixed to its surface, taking the mechani-
cal-electric coupling effect under the action of electric loads and mechanical loads into consideration, the finite element model 
for static force analysis is established by using the theory of mechanics. The failure mechanism of piezoelectric elements is dis-
cussed and the failure criteria of piezoelectric elements are proposed. The expression of safety margins for the element of piezo-
electric truss structure is proposed with fracture strength, damage electric field strength, the section area of elements, and loads 
as random variables. On the basis of the research, the stochastic finite element method and structural reliability theory are used to 
analyze the reliability of the piezoelectric truss structure. An example is given to demonstrate the validity of this method.  
Keywords: piezoelectric truss structure; piezoelectric patch; mechanical-electric coupling; safety margin; stochastic finite element 
method; structural reliability theory 
1. Introduction* 
The piezoelectric intelligent structure has been 
proven to have important application value in the field 
of aviation and spaceflight. Piezoelectric material has 
positive and negative piezoelectric effects because of 
mechanical-electric coupling effect, and has been ap-
plied in practical engineering[1-4]. If there is electric 
current on the surface of piezoelectric element, the 
effect of electric field will make the piezoelectric ele-
ment distorted. The shape and the mechanical state of 
the piezoelectric material structure can be changed by 
the negative piezoelectric effect[5-6]. However, because 
piezoelectric materials are brittle, they might be frac-
tured due to too large force or puncturability because 
of over-strong electric current. When we consider the 
randomness of environmental conditions and structure 
itself, in order to ensure a certain safety redundancy of 
structure, it is significant for piezoelectric structure to 
analyze its reliability of static strength. Because of the 
idea of intelligent structure has been formed, the de-
veloped countries represented by the United States, 
Japan, and Britain have quickly thrown a great deal of 
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resources into the research and exploration of this area. 
But on the issue of the reliability of intelligent struc-
ture, there few published works. The domestic re-
search of intelligent structure has been started, but it is 
virtually zero for the research of the reliability of intel-
ligent structure. In this article, taking load acting on 
structure, the cross-sectional area and strength of ele-
ment as random variables, the system reliability of 
piezoelectric structure is analyzed using the stochastic 
finite element method and basic reliability theory for 
exploring an approach of analyzing the reliability of 
the piezoelectric intelligent structure.  
2. Static Finite Element Analysis of Truss Stru-
cture with Piezoelectric Patches Affixed to   
Its Surface 
By linear piezoelectricity principle, neglecting the 
magnetic field effect and thermo-piezoelectric effect, 
under semi-static electric-field condition, the piezo-
electric constitutive equations[7] are as follows 
T
  ½°¾  °¿
c eE
D e E
V H
H ;               (1) 
where V and H are the vectors of stress and strain, re-
spectively; E and D are the vectors of electric field 
intensity and electric displacement; c is the elastic 
constant matrix; e is the piezoelectricity stress coeffi-
cient matrix, and ; is the dielectric constant matrix. 1000-9361© 2009 Elsevier Ltd. Open access under CC BY-NC-ND license.
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In this article, the truss elements with piezoelectric 
patches affixed to its surface as shown in Fig.1 and 
Fig.2 are studied. Piezoelectric patches are affixed to 
the surfaces of elements, and it is assumed that they 
are identical and the brim-effects of electric field are 
being neglected. 
 
Fig.1  Element with piezo-  Fig.2  Piezoelectric patches 
electric patches.            and the elementary 
body. 
2.1. Piezoelectric equation of piezoelectric patch 
Assume that the piezoelectric patch has the charac-
ters of piezoelectrics shown in Fig.3 ( 1X , 2X , and 3X  
are local coordinates of Fig.2). Because piezoelectric 
patch is only loaded with the 1X  axial force of the 
body, therefore, only the force and the deformation 
generated along the 1X  direction (axis direction of the 
element) are considered. 
 
Fig.3  Piezoelectric micro-element. 
For the electric field intensity, only the effect of E3 
is considered, and other electric-field components are 
set as E2 = E1 = 0. The surface of 3X  is the electrode 
surface, because the electrode surface is equipotential 
surface 3 3
1 2
0
E Z
X X
w w  w w  is held (viz. electrical short 
circuit boundary conditions), so by selecting E3 and H1 
as independent variables, and V1 and D3 as response 
variables, and combining with Eq.(1), the piezoelectric 
equations of piezoelectric element are 
1 11 1 13 3C e EV H                 (2) 
3 31 1 33 3D e EH ;                (3) 
When 1 0G  , the output force from one piezoelec-
tric patch is defined as  
y
1 1 13 3 13 13N A' e A'E e A' e bh
IV I           (4) 
where y1N  is the output force along 1X  axis; A'  is 
the cross-sectional area of the piezoelectric patch, and 
A' bh ; b is the width of the piezoelectric patch; 
andI is the difference of potential at both ends. 
2.2. Mechanical analysis of element with piezo-   
electric patches affixed to it 
The piezoelectric element of the truss structure con-
sists of elementary body and piezoelectric patches as 
shown in Fig.4. Its mechanical analysis is presented 
below.  
It is known that A is the cross-sectional area of ele-
ment; A'  is the cross-sectional area of the piezoelec-
tric patch, A' bh ; N is applied load acting on both 
ends of the element; n is the number of piezoelectric 
patches at one-side of element; and E' and C11 are the 
elastic constants of the element of the truss and piezo-
electric patches, respectively.  
 
Fig.4  Element structure with piezoelectric driven patches. 
Assume that the stretch of the element is divided 
into two parts, wherein one part is the stretch of the 
elementary body with no piezoelectric patches. The 
original length of the element is L, and the length of 
the element part with piezoelectric patches symmetri-
cally affixed to it is l. Then, the total stretch of element 
is 
( ) ( )L L nl nl'  '   '             (5) 
where ( )L nl'   is the stretch of the element with no 
piezoelectric patches; and ( )nl'  is the stretch of the 
element with piezoelectric patches affixed to it. From 
the knowledge of material mechanics and structure 
mechanics, the ( )L nl'   is given as follows 
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( )( ) N L nlL nl
E'A
'                (6) 
where N is the internal force of the element generated 
by applied loads. 
Another part of the stretch is combination of a sym-
metrical piezoelectric patch and the element, and the 
separations bearing forces are shown in Fig.5. 
In Fig.5, N' is the shearing force. Assume that 
shearing force N' per unit length on the shearing plane 
obeys uniform distribution, as shown in Fig.6. 
 
Fig.5  Schematic diagram of separation bearing forces. 
 
Fig.6  Schematic diagram of shearing force distribution. 
Then, the shearing force per unit length is  
/ 2
N'q
l
                   (7) 
Actually, the distribution of shearing force per unit 
length on shearing plane is complex, and the ‘practical 
approach’ is commonly used on the basis of test and 
experience in engineering[8].  
For analyzing the deformation of 0-
2
l , the differ-
ential unit dx is taken, as shown in Fig.7.  
The stretch of 0-
2
l  can be obtained through integral 
2
0
1 ( )( ) [ ( )2 ] d
2 2 2
ll l N N' lN X q x
E'A E'A
'     ³  (8) 
 
Fig.7  Schematic diagram of differential unit dx bearing 
forces. 
Then, the whole stretch is 
( )2 ( )
2
l N N' ll
E'A
'  '            (9) 
The stretch of the element with n piezoelectric patches 
is 
  ( )( ) N N' nlnl
E'A
'              (10) 
For analyzing the deformation of piezoelectric 
patches, the differential unit dx is also taken, as shown 
in Fig.8. 
 
Fig.8  Schematic diagram of differential unit dx bearing 
forces. 
The stretch of 0-
2
l  can be obtained through inte-
gral as well 
2
0
11 11
1( ) ( ) d
2 2 4
ll l N' lx q x
C A' C A'
'    ³      (11) 
Then, the whole stretch is 
11
2 ( )
2 2
l N' ll
C A'
'  '              (12) 
The stretch of n piezoelectric patches is 
11
( )
2
N' n lnl
C A'
'                 (13) 
From Eq.(10) and Eq.(13), it follows 
112 ( )
C A'N' N N'
E'A
              (14) 
Set  
11C A'k
E'A
                 (15) 
Then,  
2
2 1
kNN'
k
                  (16) 
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Combining Eq.(5), Eq.(6), and Eq.(10), it follows 
2( )( ) ( ) 2 1
knlN LN L nl N N' nl kL
E'A E'A E'A
  '    (17) 
So, 
2
2 1
E'AN LknlL
k
 '
 
             (18) 
It is known from Eq.(4), the force generated by the 
electric field of piezoelectric patches is 
13
D 13 3 13
(2 )
(2 ) 2
e A'
F ne E A' n ne b
h
I I       (19) 
According to Eq.(18) and Eq.(19), the sum of inter-
nal forces of the element is 
1322
2 1
E'AN L ne bkL nl
k
I¦  ' 
 
      (20) 
When the displacement is zero, viz. 0L'  , the 
output force of the piezoelectric element is defined 
from Eq.(20) 
      132N ne bI¦                 (21) 
when 0N¦  , the output displacement of the piezo-
electric element is defined from Eq.(20) 
13
2
2 12
kL nl
kL' ne b
E'A
I
 '           (22) 
The displacement derived from Eq.(22) is assumed 
under an ideal condition that every piezoelectric ele-
ment is identical, there is no power consumption, there 
is no impact on each other, and the amplitude and 
phases of their output displacement are all the same. 
So, total displacement is the linear accumulative total 
of displacements of single patches. 
2.3. Static finite element equation of truss structure
with piezoelectric patches affixed to it 
The active element of the piezoelectric truss is 
shown as Fig.1. The piezoelectric equivalent axial 
force is generated when the voltage is applied along 
3X  axis, then, the balance equation of total force is 
shown as Eq.(20). 
From Eq.(16), under applied forces, the strain of 
piezoelectric patches is 
1
11 11
2
2(2 1)
2 1
N' k E'A LkC A' k C A' L nl
k
H    '  
 (23) 
Referring to Eq.(3), the charge balance equation of 
the piezoelectric patch is 
31 33
11
2 ( ) 2
2(2 1)
2 1
k E'AQ ne l L n blkk C h hL nl
k
I; '   
 
(24) 
As shown in Fig.9, the local coordinates Oxy  of 
the plane truss structure within its global coordinate 
system are defined as follows, that is, setting i as the 
origin, element ij  as x  axis, the straight line, which 
is passing through point i and perpendicular to x  axis 
as y  axis, and the angle between O x  and Ox is J. 
 
Fig.9  Schematic diagram of local coordinates and global 
coordinate system. 
The balance equation of forces in local coordintes 
system can be given from Eq.(20) and the balance 
equation of node forces 
 1 1 31 2
2 2 4
N u
N u
I
I
ª º ª º ª º « » « » « »¬ ¼ ¬ ¼ ¬ ¼
K B K         (25) 
where 
1
0
2
2 1
0
2
2 1
E'A
kL nl
k
E'A
kL nl
k
ª º« »« »« » « »« »« » ¬ ¼
K      (26) 
   
1 1
1 1
ª º « »¬ ¼B               (27) 
     132
13
2 0
0 2
ne b
ne b
ª º « »¬ ¼
K           (28) 
where 3I  and 4I  are the potential difference of up-
per surface 3 vs lower surface 4 and lower surface 4 vs 
upper surface 3, respectively; u1 and u2 are the dis-
placement of end 1 and end 2, respectively; and N1 and 
N2 are the node forces of end 1 and end 2, respectively. 
Transforming local coordinates system into global 
coordinates system for Eq.(25), the load vector eP  
and e]  of the element can be expressed as 
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e T
1 1 2 2[ ]x y x yP P P P P           (29) 
     e T1 1 2 2[ ]x y x y] ] ] ] ]          (30) 
Set coordinates transformation matrix as 
 
cos sin 0 0
0 0 cos sin
J J
J J
ª º « »¬ ¼R      (31) 
Then, Eq.(25) is transformed into 
   e e e1 2 RP K BR K] M           (32) 
Because T  RR I , through left multiplying Eq.(32) by 
TR , the balance equation of force in the global coor-
dinates system can be given as  
e T e T e
1 2 P R K BR R K] M         (33) 
According to Eq.(24) and the balance of charge, the 
balance equation of charge in local coordinates can be 
given as 
3 1 3
3 4
4 2 4
Q u
Q u
I
I
ª º ª º ª º « » « » « »¬ ¼ ¬ ¼ ¬ ¼
K B K         (34) 
where Q3 and Q4 are the total charge quantities of sur-
faces 3 and 4 of patches, respectively, and 3Q   
4 0Q Q  ; 
3
0
0
M
H
ª º « »¬ ¼K               (35) 
and 
33
4
33
2
0
2
0
n A''
h
n A''
h
;
;
ª º« » « »« »« »¬ ¼
K        (36) 
where 
13
11
2
2(2 1)
2 1
ne A''k EAM kk C A' L nl
k
   
 
13
11
2
2(2 1)
2 1
ne A''k EAH kk C A' L nl
k
   
 
A'' is the area of the surface which is perpendicular to 
E3, A'' bl . 
Transforming local coordinates system into global 
coordinates system for Eq.(34), it follows 
e e e
3 4 Q K BR K] M         (37) 
where e T3 4[ ]Q Q Q . 
Guyan coagulation is used to eliminate potential dif-
ference, then, 
 e e e e eE Q  K K P P]         (38) 
where 
 13e TQ
13
2
2
ne bV
ne bV
ª º « »¬ ¼
P R             (39) 
1
Q 2 4
 K RK K               (40) 
e T
1 K R K BR                (41) 
e T 1
E 2 4 3
 K R K K K BR            (42) 
According to electrical knowledge for eQ , each piezo-
electric patch can be considered as a parallel plate ca-
pacitor. If there is no current leakage, the charge vector 
is 
 e e33
2n A''
h
;§ · ¨ ¸© ¹Q V             (43) 
where eV  is applied voltage matrix. 
By using finite element method to assemble units 
for Eq.(38), the ultimate static finite element equation 
of the piezoelectric truss structure can be given as 
 E Q K + K P + P]             (44) 
where ] is the nodal displacement vector˗P is the 
vector of applied loads to nodes; and PQ is the elec-
tric-load vector generated by imposed voltage because 
of mechanical-electrical coupling effect.  
It is known from Eq.(44) that, compared with the 
ordinary materials, coupling stiffness  KE  and the elec-
tric-load vector  PQ  are added to the finite element 
equation of the piezoelectric truss structure.  
3. Reliability Analysis of Truss Structure with  
Piezoelectric Patches Affixed to Its Surface 
3.1. Failure mechanism and safety margins of    
piezoelectric element 
A piezoelectric truss structure is often loaded with 
electric load and mechanical load simultaneously on 
use, and the failure of its element is caused by these 
loads the study on the failure under mechanical and 
electrical coupling loads, then form, a new branch of 
solid destruction theory, viz. mechatronic reliability[9]. 
Deficiency in terms of several microns might bring 
fracture in piezoelectric structure when the element 
only loaded with mechanical and electrical coupling 
loads. Because the deficiency of piezoelectric structure 
is stochastic, the critical stress of piezoelectric struc-
ture is generated stochastically too. 
The significant difference between the piezoelectric 
material failure and ordinary material failure lies in the 
piezoelectric-induced failure. Apparently, the piezo-
electric-induced failure is represented by elec-
tric-induced fracture and dielectric puncture failure. 
The electric-induced fracture is the fracture behavior 
brought by electric field loading, its failure mechanism 
is that electric field concentration is formed when the 
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electric field is loading, tensile stress is induced by 
electric field, and finally, the failure is brought by the 
stress[4]. Electric load induces highly concentrated 
electric field at the crack top, and if the electric field 
intensity exceeds its puncture intensity, the electric 
puncture will occur. After the crack is extended, the 
new electric field concentration and electric puncture 
will occur in its front. When this occurs recurrently, it 
will result in the failure of piezoelectric structure.  
Moreover, when the applied force to the elementary 
body is too large, it might result in strength failure. 
The piezoelectric patches are bonded with the body 
through glue layer, and if the shear strength of glue 
layer is lower than the applied force, it might lead to 
the separation of piezoelectric patches and the body, 
and result in the failure of piezoelectric effect. 
Assume that the cross-sectional area, yield strength, 
the cross-sectional area of piezoelectric patch, fracture 
strength, damage electric field intensity, the shear 
strength of glue layer, and nodal loads are random 
variables, viz. 
1 2 y 1
1 1 2 b 1 3
[ ] [
]
n
m m J m
X X X A
A A' A' E P P
V
V W
  X " "
" "    (45) 
where n represents the number of random variables; 
yV  is the yield strength of elementary body; Aj is the 
cross-sectional area of the jth element, 1, 2, ,j   1m  
(m1 represents the number of the elementary body); 
jA '  is the cross-sectional area of the jth piezoelectric 
patch, 21, 2, ,j m  ; bV is the fracture strength of 
piezoelectric patches; EJ is the damage electric field 
intensity of piezoelectric patch; W is the shearing 
strength of glue layer; and Pi is the load acting on the 
ith element, 31, 2, ,i m   (m3 is the number of loads). 
So, the safety margins of piezoelectric element are 
1 1 y 1( ) 1, 2, ,j j jZ g A N j mV    X  (46) 
2 2 b( ) 1,2, , 2j j jZ g A ' N ' j nV     X   (47) 
3 3 ( ) 1,2, , 2j jZ g bl N ' j nW    X   (48) 
4 4 1( ) 1,2, ,
j
j jZ g E j mh
I     X  (49) 
where Z1j is the safety margin of the jth piezoelectric 
elementary body; Z2j is the safety margin of jth piezo-
electric patch, and it is assumed that if one piezoelec-
tric patch is failed, all piezoelectric patches will be 
considered to be failed; Z3j is the safety margin of the 
glue layer of the jth piezoelectric patch, and it is as-
sumed that if one glue layer is failed, all the glue lay-
ers will be considered to be failed; Z4j is the safety 
margin of the damage electric field of the jth element’s 
piezoelectric patches; and Ij is the voltage difference 
of the jth element’s piezoelectric patch. 
The safety margin for every element is considered to 
be the series set of above mentioned safe margins, and 
therefore, the failure probability of the element is cal-
culated with synthetical series mode. 
3.2. Derivative of safety margin with respect      
to random variable 
The derivative of safety margin with respect to ran-
dom variable is the key of coping with the reliability 
index of the safe margin and correlation of failure 
modes. So, the expression of the derivative of safety 
margin with respect to random variable must be given. 
A safety margin can be written as Zij (i = 1, 2, 3, 4). It 
is known from analysis that the safety margin Zij can 
be written as the explicit expression of random vectors 
such as X ,] ,M , and so on. Because displacement 
] and voltage difference M  etc. have relations with 
cross-sectional areas A, elastic modulus E', and loads 
P through finite element method, it is difficult for Zij to 
write their explicit expression, and therefore, the rela-
tions between safety margins and variables must be 
founded through stochastic finite element method[10], 
viz. 
T T( , , )ijZ g X ] M             (50) 
 ij ij ij pk
i i k i p i
Z Z Zg
X X X X
I]
] I
w w w www  w w w w w w¦ ¦   (51) 
where ij
k
Z
]
w
w  and 
ij
p
Z
I
w
w  are derived from the derivative 
of expression T T( , , )ijZ f X ] M  with respect to 
variables k]  and pI . Because it is difficult to describe 
the relation of nodal displacements ]  and voltage 
difference M  to random vector X  with explicit ex-
pression, k
iX
]w
w  and 
p
iX
Iw
w  are solved by stochastic finite 
element method. 
Through the derivations of both sides of the equal- 
sign of Eq.(44) with respect to variable Xi it follows 
  QE E
i i i i iX X X X X
w§ ·ww w w    ¨ ¸w w w w w© ¹
PKK PK K ]]  (52) 
The derivation expression of the displacement vec-
tor ]  with respect to random variables Xi can be fur-
ther obtained as follows 
Q1 E
E( ) ( )
i i i i iX X X X X
 w§ ·ww w w   ¨ ¸w w w w w© ¹
P KP KK + K] ]  
(53) 
Through the derivations of both sides of the equal- 
sign of Eq.(37) with respect to variables Xi respectively, 
it follows 
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e e e
e e3 4
3 4
i i i i iX X X X X
w ww w w   w w w w w
K KQ BR K BR K] M] M  
 (54) 
The derivation expression of the voltage difference 
of the two ends of piezoelectric patch with respect to 
random variables Xi can be further obtained as follows 
e e
1 e3
4
e
e4
3
i i i
i i
X X X
X X
 § ww w  ¨w w w©
·ww  ¸w w ¹
KQK BR
KK BR
M ]
] M       (55) 
From Eq.(46), Eq.(50), and Eq.(51), the derivation of 
the safety margins with respect to random variables Xi 
can be written as follows 
1 y
y
j j j
ij
i i i i
Z A N
A
X X X X
V Vw w w w  w w w w       (56) 
From Eq.(25),it follows 
e
1322
2 1
j
j
j
E'A
N ne b
kL nl
k
I 
 
T]      (57) 
where Lj is the length of the jth element. Assume that 
random variables in Eq.(57) are Aj, e]  and I , then, 
it follows 
e
2
2
2 2 1
2 1
2
2 1
j
j
j i i
i
j
k nlA k kL nl AN X k X
E'
X kL nl
k
§ ·w ¨ ¸w § · © ¹ ¨ ¸w w  w© ¹ w § ·¨ ¸© ¹
T]  
 
e
1322
2 1
j
i i
j
E'A
ne b
k X XL nl
k
Iw ww w 
T ]      (58) 
where [ cos sin cos sin ]J J J J  T ; 
 2
2 2
2 1
2 1
i
i
kk
Xk
X k
w§ ·w ¨ ¸ w© ¹  w            (59) 
and 
11 11
2 2
j
j
ji
i ij j
A
A ' AXc ck bh
X E E XA A
w www   w w      (60) 
From Eqs.(58)-(60), Eq.(56) can be written as follows 
1 yj
j
i i
Z
A
X X
Vw w w w  
 
11
2
2
e
y 2
2
2
2 1 2 1
2
2 1
j
j j
j
i
j
c bh nl
E AkL nl A
k Ak
E
XkL nl
k
V
§ ·¨ ¸§ ·¨ ¸ ¨ ¸¨ ¸© ¹ w¨ ¸ w¨ ¸§ ·¨ ¸¨ ¸© ¹¨ ¸¨ ¸© ¹
T]  
e
1322
2 1
j
i i
j
E'A
ne b
k X XL nl
k
Iw ww w 
T ]        (61) 
where 
e
iX
w
w
]  and 
iX
Iw
w  can be derived from Eq.(53), 
Eq.(55). 
The derivative of Eq.(47) is 
2 b
y
j j j
j
i i i i
Z A ' N '
A '
X X X X
V Vw w ww  w w w w      (62) 
Assume that jA '  is a constant, then, it follows 
2 bj j
j
i i i
Z N '
A '
X X X
Vw ww w w w          (63) 
And that, 
 
11
2 2
22
2 1 2 1
j j j j j
i i ij
N ' N N c A ' Ak
X k X XEAk
w w w   w  w w  (64) 
Then, Eq.(63) can be written as  
 
2 11b
2 22 1 2 1
j j j j j
j
i i i ij
Z N N c A ' AkA '
X X k X XEAk
Vw w ww  w w  w w  
 (65) 
where /j iN Xw w  and Nj are derived from Eq.(57) and 
Eq.(58), respectively. The derivative of Eq.(48) is 
3 j j
i i i
Z N '
bl
X X X
Ww ww w w w            (66) 
where / = 1iXWw w  (when =iX W ), / = 0iXWw w (when 
iX Wz ), and /j iN ' Xw w  can be derived from Eq.(64). 
The derivative of Eq.(49) is 
4 1j jJ
i i i
Z E
X X h X
Iw ww w w w             (67) 
where /j iXIw w  can be derived from Eq.(55). 
It can be seen from the above mentioned derivation 
expressions of safety margins, and they include the 
expressions of e / iXw w]  and /j iXIw w . So, so long as 
these expressions are solved, the derivation expres-
sions of safety margins can be obtained easily, but they 
must be derived by using stochastic finite element 
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method, as shown in Eq.(53) and Eq.(55). 
3.3. Reliability index calculation of elements 
For Eqs.(46)-(49), using improved first-order sec-
ond-moment[10] and Taylor stochastic finite element 
method[11], and combining with the derivation formula 
of safety margins, the reliability index of every safety 
margin can be derived. 
For the global reliability of piezoelectric elements, 
any element failure or piezoelectric patches failure is 
considered to be the piezoelectric-element failure. So, 
the global failure probability is 
 e 1 2 3 40 0 0 0j j j j jP P Z Z Z Z d d d d  * * *  
 4 4
1
0 1 ;ij
i
P Z )
 
§ ·d  ¨ ¸© ¹* E U        (68) 
where Zij is the random variable with normal distribu-
tion; E is the reliability index vector of safety margins, 
1 4[ ]E E "E ; U  is the correlation matrix of lin-
earized safety margins, > @4 4ikU u U ( 1, 2,3, 4i  ; 
1,2,3,4k  ); and 4)  is the 4-dimensional standard 
normal distribution function. 
3.4. Deriving the reliability index of structure system 
The method is based on structural reliability theory, 
and it is giving the criteria of failure modes to seek the 
significant failure elements and failure modes (usually 
using the branch-and-bound method for complex 
structure[12]), and then, considering the correlation of 
failure modes, the structural system reliability index is 
derived by using PENT[13] method. 
4. Example 
Example 1  A 3-element piezoelectric truss stru- 
cture is shown in Fig.10, where both a and b are 2.0 m, 
and piezoelectric patches are affixed to the side of 
every element. Their thicknesses are h = 0.005 m, their 
length are l = 0.05 m, their width are b = 1.73×10–2 m, 
and their number are 2n = 20, as shown in Fig.1 and 
Fig.2. The cross-sectional areas are A1, A2, and A3, 
respectively, the mean value of Aj (j =1, 2, 3) is 
4 23 10 m
jAP  u , and the variation coefficient is 
0.05
jAV  . There is a upward vertical force acting on 
the structure, the mean value of the load is 
=pP 1.5×104 N, and the variation coefficient is Vp = 
0.3. Body material is a certain type of aluminum, the 
mean value of material strength is 
y
= 90 MPaVP r  , 
and its variation coefficient is 
y
=VV  0.05. The mean 
value of fracture strength of piezoelectric patches is 
cr
= 70 MPaVP r , and the variation coefficient is 
cr
=VV 0.05. The mean value of damage electric field 
intensity is =
JǼP 2×106 V/m, and the variation coef-
ficient is =
JǼV 0.05. The adhesive between piezo-
electric patches and elements is enhanced and im-
proved S-100 epoxy resin[14], the mean value of its 
shearing strength is = 54.17WP  MPa, and the variation 
coefficient is 0.10VW  . The other data of material 
properties are shown in Table 1. Assume that all ran-
dom variables obey standard normal distribution and a 
failure mode will be formed if two elements of the 
structure are piezoelectric failed, and the reliability 
indices of structural system are analyzed during V =   
0 V and V = 500 V. 
The safety margins of elements are shown as 
Eqs.(46)-(49), viz. 
So, the failure probability of piezoelectric elements 
is 
1 2 3 40 0 0 0jf j j j jP Z Z Z Zª º d d d d  ¬ ¼* * *  
1 ( , )n) E U              (69) 
 
Fig.10  3-element piezoelectric truss structure. 
Table 1 Data of material properties 
 Piezoelectric ce-ramics˄PZT4˅ 
Body materal 
( aluminum) 
Elastic coefficient/(N·m–2) 13.9×1010  
Elastic coefficient/(N·m–2)  7.1×1010 
Piezoelectric coeffi-
cient/(C·m–2) 6.98  
Dielectric coeffi-
cient/(C·(Vm)–1) 5.92×10
–9  
where n)  represents n-dimensional standard normal 
distribution function, 4n  ; and E  represents the 
vector of reliability index, viz. 
1 2[ ]nE E E "E         (70) 
U  is the correlation matrix of linearized safety mar-
gins, viz. 
[ ] U JKĉ , or Tij i jU  D D         (71) 
where iD  is the standard normal vector, viz. 
T
1 2 3[ ]i D D D  D           (72) 
The equivalent safety margins[15] of elements can be 
derived from Eq.(68), and further failure modes are 
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being sought to find the reliability indices and correla-
tion coefficients of failure modes, then, the reliability 
index of structural system is derived at last, as shown 
in Table 2. 
Table 2 Significant failure modes and failure probabi- 
lity of piezoelectric turss structure 
Number 
of faiure 
mode 
Failure 
path 
Reliability indexes 
(when V = 0 V) 
Reliability index 
(when V = 500 V) 
1 ĸˉķ 3.012 4 4.245 3 
2 ķˉĹ 4.375 5 5.867 4 
Structural system 3.000 0 4.245 0 
Example 2  The plane truss structure is shown in 
Fig.11. The applied load P and the cross- sectional 
area A of each element are random variables with 
normal distribution. The cross-sectional areas of all 
elements are equal, their mean value and variation co-
efficient are PA = 3.0×10– 4 m2, andVA = 0.05. The 
mean value and the variation coefficient of applied 
load P are Pp = 650 N, and Vp = 0.3. The data of mate-
rial properties are shown in Table 1, and other pa-
rameters and failure criteria are the same as those of 
example1. The reliability of structural system is ana-
lyzed during V = 0 V, V = 300 V, and V = 500 V. Analy-
sis results are shown in Table 3. 
As can be seen from Table 3, the static strength re-
liability of structural system is lower when there are 
not piezoelectric patches, and the static strength reli-
ability is improved significantly when there are piezo-
electric patches in the structural system, and increased 
with the voltage being increased. 

Fig.11  Plane truss structure. 
Table 3 Significant failure modes and reliability indexes 
of system 
 Failure path Reliability index of path 
Structural 
reliability 
index 
–  2.423 6 
V = 0 V 
–  3.696 5 
2.423 2 
–  3.096 3 
V = 300 V 
–  4.518 9 
3.095 9 
Element 
, , 
,  
with 
piezo-
electric 
patches V = 500 V –  3.544 8 3.544 3 
5. Conclusions 
(1) From the analysis of this article for the truss 
element with piezoelectric patches to its surface, when 
we consider the electromechanical coupling effect and 
its own structure form, and giving the safety margins 
of four failure modes, its structural reliability analysis 
is much more complex than that of the ordinary truss 
structure. The safety margin includes the cross-sec-
tional areas of elementary body, the yield strength, the 
cross-sectional areas of piezoelectric patches, the frac-
ture strength, the damage electric intensity, the voltage 
difference, the force acted on the structure, etc. This 
shows that the electric items (electric intensity, applied 
voltage) also have important influences on the safety 
margin. 
(2) From the examples, the applied voltage can im-
prove the reliability level of the truss structure with 
piezoelectric patches. The structural reliability also 
increases with the applied voltage being increased, and 
this shows that considering negative piezoelectric ef-
fects of piezoelectric materials, the structural reliability 
level can be improved by the applied voltage. 
(3) In order to facilitate the analysis, some specific 
assumptions are made that all the piezoelectric patches 
are identical and their number is the same for all ele-
ments with piezoelectric patches. In fact, piezoelectric 
patches might be different and their number is not 
necessarily the same because of practical needs for 
different elements. In addition, for the criteria of fail-
ure modes, it is assumed that if there are piezoelectric 
failures for two elements, then, a failure mode is con-
sidered to be formed. In fact, the number of piezoelec-
tric elements that form the failure mode should be 
given according to the requirement of structural bear-
ing capacity. This kind of treatment aims at simplifying 
the calculation model.  
With the development of piezoelectric materials and 
their functions, the truss structure with piezoelectric 
patches affixed to its surface will be widely used in 
engineering programs. The study presented in this arti-
cle is only offering introduction and providing some 
reference for further developing the research on the 
reliability of piezoelectric truss structure or other 
structure.  
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